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Instantaneous concentrations of reactive species are simultaneously measured in a planar liquid jet with a second-order
chemical reaction A1B! R to investigate the statistical properties of the chemical reaction rate and the validity of mod-
els which have been proposed for concentration correlation. The jet flow contains the reactant A, and the ambient flow
contains the reactant B. The results show that the concentration correlation of the reactants makes a negative contribution
to the mean reaction rate, and this contribution is important in the downstream direction. The concentration correlation
changes owing to the chemical reaction. The effects of the chemical reaction on the concentration correlation change with
the flow location and the Damk€ohler number. The concentration correlation predicted by the Toor’s model and the three-
environment model are compared with the experimental results. The results show that these models fail to accurately esti-
mate the concentration correlation. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 3969–3988, 2014
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Introduction

Turbulent mixing with chemical reactions can take place
in many pieces of industrial equipment and in the environ-
ment. Chemical reactions in combustors or chemical reactors
and pollutant formation in the atmosphere are typical exam-
ples of chemical reactions in turbulent flows. Because turbu-
lent flows have a great influence on chemical reactions and
diffusion of reactive species, investigating the mechanism of
interaction between turbulent flows and chemical reactions is
important for predicting the efficiency of these types of
equipment and the diffusion of pollutants.

The chemical reaction rate is one of the important quanti-
ties that characterize turbulent reactive flows. For a second-
order chemical reaction A1B! R, the chemical reaction
rate W, which represents the production rate of product spe-
cies R, is given by

W5kCACB (1)

where Ca is the instantaneous concentration of species a and
k is the chemical reaction rate constant. Because of concen-
tration fluctuations arising from turbulent motions, the
instantaneous chemical reaction rate also spatiotemporally
fluctuates and can be largely different from its mean value.

To numerically predict turbulent flows with scalar transfer,
the Reynolds-averaged approach, in which averaged govern-
ing equations are numerically solved using models, has been
commonly used for various flows because of the low compu-

tational cost. The averaged transport equation for the concen-
tration of reactive species a used in the Reynolds-averaged
approach for turbulent reactive flows is given by1
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where Ui is the instantaneous i direction velocity, Da is the
molecular diffusivity of species a, Wa is the production rate of
species a by chemical reactions, and hi denotes an ensemble
average. ui � Ui2hUii and ca � Ca2hCai are the fluctuating
components of Ui and Ca, respectively. Models for the turbu-
lent mass flux hujcai and the mean chemical reaction rate hWai
are required to solve Eq. 2. The gradient diffusion model2 is
widely used to predict the turbulent mass flux in numerical
simulations of nonreactive flows. Although chemical reactions
can affect the gradient diffusion hypothesis,3–6 the gradient dif-
fusion model is still used to predict the turbulent mass flux of
reactive species.7,8 For the second-order chemical reaction
A1B! R, the mean chemical reaction rate can be split into
the product of mean concentrations of reactants A and B and
the correlation of fluctuating concentrations of reactants A and
B (hereafter, simply denoted as “concentration correlation”)

hWi5khCAihCBi1khcAcBi (3)

When the Reynolds-averaged approach is applied to turbu-
lent flows with a second-order chemical reaction, the mean
reaction rate is closed using models for the concentration
correlation term. The concentration correlation, hcAcBi, is
very sensitive to the flow geometry and type of chemical
reactions. Therefore, hcAcBi in various flow fields and chem-
ical reactions should be investigated to develop and verify
the models for the concentration correlation term.
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Measurements of the reaction rate of second-order chemical
reactions require simultaneous measurements of the instanta-
neous concentrations of two reactants. Measurements of the
reaction rate of second-order chemical reactions in a gaseous
flow were conducted in a scalar mixing layer3 and in a plume
in grid turbulence.9 Direct numerical simulation (DNS) was
also used to investigate chemical reactions in turbulent flows
at a low Schmidt number (Sc5m=D � 1, where m is the kine-
matic viscosity).10,11 The Batchelor scale, which is the small-
est scale of concentration fluctuation, becomes small, being
proportional to Sc21=2. Therefore, DNS of reactive flows is
limited to flows at low Schmidt number, and investigations of
chemical reactions in liquid flows, in which the Schmidt num-
ber is often much larger than 1, have been conducted through
experiments. Concentration measurements in turbulent reactive
flows are difficult to perform, especially in liquid flows. A
few measurements of the reaction rate of second-order chemi-
cal reactions have been made in a scalar mixing layer12 and
in a confined jet.13,14 Therefore, information on the chemical
reaction rate in liquid flows is limited to these experimental
results. Most of these previous experimental studies12–14 on
the reactive liquid flows have been conducted for a fast chem-
ical reaction. Because the characteristics of chemical reactions
in turbulent flows strongly depend on the reaction rate, experi-
mental studies for reactive flows should be carried out for
chemical reactions with various reaction rate constants.

The purpose of this study is to investigate the validity of the
models which have been proposed for the concentration correla-
tion by measuring instantaneous concentrations of reactive spe-
cies in a liquid jet with a second-order chemical reaction with a
moderate reaction rate. We also investigate the statistical proper-
ties of the chemical reaction rate, which are important for mod-
eling the concentration correlation. As mentioned above,
measuring concentration of reactive species is a challenging
problem especially in liquid flows. However, we have developed
the measurement method for concentrations of multiple species
in liquid flows in the previous studies.15–21 A flow configuration
is one of the important factors which determine mixing of
chemical species. A planar jet investigated in this study is a typ-
ical example of free shear flows, and the fundamental character-
istics of the flow fields are well investigated by numerical
simulations22–24 and experiments.25–27 However, there is little
information on chemical reactions in a planar liquid jet. In this
study, the instantaneous concentrations of all reactive species
are simultaneously measured in a planar liquid jet with a
second-order chemical reaction, and we provide reliable data on
the chemical reaction rate in the liquid jet. The validation of
models for the concentration correlation is done by confirming
whether the measured statistics satisfy the relationship which is
assumed in the models. Furthermore, the mean concentration
profile is numerically predicted using the models for the concen-
tration correlation. The measurement results of the mean con-
centrations are compared with the prediction by the numerical
simulation for investigating the validity of the models for the
concentration correlation. First, the planar liquid jet with a
second-order chemical reaction and the concentration measure-
ment method are described in detail, and then, the measurement
results are given in this article. Finally, conclusions are summar-
ized in the last of the article.

Planar Liquid Jet with a Chemical Reaction

Figure 1 shows a snapshot of a planar liquid jet with a
second-order chemical reaction A1B! R. Here, the reac-

tant A is 1-naphthol and the reactant B is diazotized sulfa-
nilic acid. The product R is 4-(40-sulphophenylazo)-1-
naphthol, briefly referred to as monoazo dyestuff. The chem-
ical reaction rate constant of this reaction is k 5 12,000 m3/
(mol s).28 The solution containing the reactant A is injected
into the ambient flow containing the reactant B through a
rectangular slit with a width of d 5 2 mm. Additionally, non-
reactive species C (Acid Blue 9, blue dyestuff), whose con-
centration can be considered as a conserved scalar, is added
into the jet flow. The pH is kept constant by adding buffer
salts (sodium carbonate and sodium hydrogen carbonate)
into the jet flow. The initial concentrations of the reactants
A and B and the nonreactive species C are CA050:4 mol/
m3, CB050:2 mol/m3, and CC050:1 kg/m3. The instantane-
ous concentration of the nonreactive species C, CC, is used
to define the mixture fraction

n � CC

CC0

(4)

The jet flow and the ambient flow are supplied through
the head tanks to keep the flow rates constant. The mean
velocity at the jet exit is UJ51:29 m/s, and the mean veloc-
ity of the ambient flow is UM50:061 m/s. The Reynolds
number defined by Re5ðUJ2UMÞd=m is 2200. The Schmidt
number based on the molecular diffusivity of the nonreactive
species C is Sc � 600. The Damk€ohler number is
Da5kðCA01CB0Þd=ðUJ2UMÞ511:7. As shown in Figure 1,
the origin of coordinate system is located at the center of the
jet exit, and streamwise and cross-streamwise directions are
represented by x and y, respectively.

Concentration Measurement Method

Instantaneous concentrations of dyestuffs (the product R
and the nonreactive species C) are simultaneously measured

Figure 1. Snapshot of a planar liquid jet with a chemi-
cal reaction.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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using the concentration measurement system based on light
absorption spectrometry.6,15–21 This system was recently
improved in terms of the spatial resolution, and the improved
system is shown in Figure 2.20,21 Two light-emitting diodes
(LEDs), which have maximum light intensity at wavelengths
of k15525 nm (green) and k25625 nm (red), respectively,
are used as light sources. The light emitted by the two LEDs
is fed to the sampling volume of an optical fiber probe
through an optical fiber. The light passes through the sam-
pling volume and is then split into two wavelengths
(k15525 nm and k25625 nm) by the grating spectroscope.
The light intensities of the split light are measured by a pho-
tomultiplier. The diameter of the optical fiber bundle used in
the concentration measurement system is 0.1 mm, and the
length of the sampling volume of the optical fiber probe is
0.5 mm.

When dyestuff species a is contained in the solution at the
sampling volume, the light passing through the sampling vol-
ume is absorbed by the dyestuff solution. The intensity of
incident light, I0, and the intensity of transmitted light, I, are
related to the instantaneous concentration of species a as
follows

2ln
IðkÞ
I0ðkÞ

5kaðkÞCa (5)

Here, kaðkÞ is a function of k, which depends on the
light absorption characteristics of species a and the length
of the light path. When the solution contains multiple
dyestuffs, PðkÞ � 2ln ðIðkÞ=I0ðkÞÞ is equal to the sum of
each P(k) for the solution of single dyestuff. Therefore, P
ðknÞ for a solution of the dyestuffs R and C can be written
as

PðknÞ � 2ln
IðknÞ
I0ðknÞ

5kRðknÞCR1kCðknÞCC (6)

kRðk1Þ; kRðk2Þ; kCðk1Þ, and kCðk2Þ are determined by prior
calibration experiments. P(k1) and P(k2) are measured using
the concentration measurement system. The instantaneous
concentrations of R and C can then be determined from Eq.
6 for k1 and k2.

Using the mass conservation law,3 the instantaneous con-
centrations of the reactants A and B can be determined from
CR and n

CA5nCA02CR (7)

CB5ð12nÞCB02CR (8)

Bilger et al.3 defined the frozen limit as the limiting case
of k! 0 (the chemical reaction does not occur) and the
equilibrium limit as the limiting case of k!1 (the chemi-
cal reaction is infinitely fast). The instantaneous concentra-
tions for the frozen limit, C0

a, are given by

C0
A � lim

k!0
CA5nCA0 (9)

C0
B � lim

k!0
CB5ð12nÞCB0 (10)

C0
R � lim

k!0
CR50 (11)

The instantaneous concentrations for the equilibrium limit,
C1a , are given by

C1A � lim
k!1

CA5ðCA01CB0Þðn2nSÞHðn2nSÞ (12)

C1B � lim
k!1

CB5ðCA01CB0ÞðnS2nÞHðnS2nÞ (13)

C1R � lim
k!1

CR5
CA0n ðn < nSÞ

CB0ð12nÞ ðn � nSÞ

(
(14)

Here, H(z) is the Heaviside step function and nS is the stoi-
chiometric value of the mixture fraction given by
nS5CB0=ðCA01CB0Þ5 0.333. The maximum concentration of

the product R, CR0, is obtained by substituting n5nS and CA5

CB50 in Eq. 7 or 8 and is given by
CR05CA0CB0=ðCA01CB0Þ5 0.133 mol/m3.

The Kolmogorov scale and the Taylor microscale are gK5

0:427 mm and kx52:32 mm at x=d 5 20 on the jet center-
line,17 respectively. The Batchelor scale, which is the small-
est scale of scalar fluctuation, is gB5gK=Sc1=250:0174 mm.
The spatial resolution of the optical fiber probe is related to
the sampling volume VP53:931023 mm3, where the shape
of the sampling volume is assumed to be a circular cylinder.
The length scale corresponding to VP is lP5V

1=3
P 50:15 mm.

Thus, the spatial resolution of the concentration measure-
ments is smaller than the Kolmogorov scale but is larger
than the Batchelor scale.

The small-scale Damk€ohler number is defined by
DaKol � sg=sR, where sg � ðm=�Þ1=2

(�: dissipation rate of
turbulent kinetic energy) and sR � k21hCACBi21=2

are the

Figure 2. Concentration measurement system based on light absorption spectrometry.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Kolmogorov timescale and the reaction timescale, respec-
tively.29,30 The small-scale Damk€ohler number at x=d510
and 40 is DaKol50:45 and 0.74 on the jet centerline. It
should be noted that in the measurement region, sR is
smallest at x=d510 and sg on the jet centerline is largest at
x=d540. Thus, the reaction is slow compared with the Kol-
mogorov timescale. An infinitely fast and irreversible
chemical reaction occurs at the interface between the two
reactants soon after the mixing at the molecular level. In
this case, the reactants cannot coexist and the reaction
zone thickness is infinitely thin because the reaction pro-
ceeds only at the interface until concentration of the defi-
cient reactant becomes zero. However, the slow reaction
used in this study occurs at the interface and slowly pro-
ceeds after the two reactants are mixed well. Therefore,
the length scale of the reaction zone of the slow reaction is
larger than the Batchelor scale. The characteristics scale of
passive scalar mixing larger than the Batchelor scale is
mainly determined by the turbulent fields rather than the
molecular diffusion.1 Because the spatial resolution is
smaller than the Kolmogorov scale, the reaction rate of the
slow reaction can be measured using the concentration
measurement system described above. In this study, the
concentration correlation of the two reactants is investi-
gated in detail. By comparing the cospectra of the concen-
trations of the two reactants with the power spectra of the
streamwise velocity in the next section, it is confirmed that
the spatial resolution of the concentration measurement is
sufficiently small for measuring the concentration correla-
tion. The sampling volume of the new concentration mea-
surement system used in this study is 35 times smaller
than that of the previous measurement system used for
concentration measurements in the reactive liquid jet.16–19

We also calculated the statistics relating to the chemical
reaction rate using the previous measurement system, and
confirmed that the same conclusions are derived from both
measurement results independently of the spatial resolu-
tion. Thus, although the resolution is larger than the Batch-
elor scale, the measurement results in this study is useful
for investigating the characteristics of the chemical reac-
tion rate in the reactive liquid jet. Some of the measure-
ment results obtained by the previous concentration
measurement system have been presented in previous
papers.6,17–19

Results and Discussion

Mean velocity and mean concentrations

The mean velocity and the mean concentrations are shown
to investigate the fundamental nature of the reactive planar
jet. The streamwise velocity is measured by the X-type hot-
film probe (TSI, 1248A-10W). The length and the diameter
of two sensing elements of the X-type hot-film probe are
0.4 mm and 50.8 lm, respectively. The distance between
two sensing elements of the X-type hot-film probe is
0.4 mm. Figure 3a shows the streamwise variation of the
mean streamwise velocity on the jet centerline. Here, h�iC
denotes the mean value on the jet centerline. In the self-
similar region, the mean streamwise velocity on the jet cen-
terline changes according to

U2
J

ðhUiC2UMÞ2
5AU1ðx=dÞ1AU0 (15)

This relationship can be observed in Figure 3a. By apply-
ing the least-square method, we can obtain the coefficients
AU150:148 and AU0520:0339. Figure 3b shows the cross-
streamwise profiles of ðhUi2UMÞ at different streamwise
locations. In Figure 3b, the mean streamwise velocity is nor-
malized by its value on the jet centerline, and the cross-
streamwise coordinate y is normalized by the jet half-width
bU based on hUi2UM. The self-similar profiles can be
observed in the mean streamwise velocity. In the previous
experimental measurement of velocity in a planar jet,27 the
self-similar profile of the mean streamwise velocity is found
to be given by the Gaussian curve, exp½2ln2ðy=bUÞ2�. Figure
3b shows that the cross-streamwise profile of the mean
streamwise velocity is well approximated by exp½2ln2
ðy=bUÞ2� in the planar liquid jet.

Figure 4a shows the mean mixture fraction on the jet
centerline. Similar to the mean streamwise velocity, the
mean mixture fraction on the jet centerline decreases in pro-
portion to ðx=dÞ21=2

. The line obtained by the least-square
method is also shown in Figure 4a. The cross-streamwise
profiles of hni=hniC are shown in Figure 4b. In this figure,
the cross-streamwise coordinate y is normalized by the jet
half-width bn based on hni, and the Gaussian curve,
exp½2ln2ðy=bnÞ2�, is also shown. The self-similar profile can
be observed for the mean mixture fraction measured in
this study. It is also found that the cross-streamwise profiles

Figure 3. The mean streamwise velocity.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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of hni=hniC is well approximated by the Gaussian curve
except at the edge of the jet. The deviation from the Gaus-
sian curve can be also observed in the previous
experiments.25,26

Figure 5 shows the streamwise evolution of the jet half-
widths bU and bn. In the self-similar region, the jet half-
widths bU and bn change according to

bU=d5BU1ðx=dÞ1BU0 (16)

bn=d5Bn1ðx=dÞ1Bn0 (17)

The relationships of Eqs. 16 and 17 can be seen in the mea-
surement results of bU and bn in Figure 5. Applying the least-
square method to the measured bU and bn yields the coefficients
BU150:0738;BU050:0389;Bn150:125, and Bn050:133. Thus,
bn is larger than bU, and the spread rate based on the mean mix-
ture fraction is larger than expected from the mean streamwise
velocity. The similar tendency of bU and bn can be found in the
planar jet investigated by the DNS22 and the experiment.25 Thus,
the typical characteristics of self-similar region of a planar jet
can be observed in the measurement results of the mean stream-
wise velocity and the mean mixture fraction.

The mean concentrations of the reactive species A, B, and
R at x=d510, 20, and 40 are shown in Figures 6–8, respec-
tively. In Figure 8, hCRi measured in this study is compared
with the previous measurement result obtained by the con-
centration measurement system whose sampling volume is
35 times larger than that of the present system. The mean
concentrations of the reactants A and B for Da 5 11.7 lie
between those for the frozen and equilibrium limits. Figures
6a and 7a show that hCAi and hCBi for Da 5 11.7 are close
to the frozen limit at x=d510. At x=d510, the product con-
centration hCRi for Da 5 11.7 (Figure 8a) is much smaller
than the equilibrium value. As x increases, the mean concen-
tration profiles approach the equilibrium limit. At x=d540
(Figures 6c, 7c, and 8c), the mean concentration profiles are
very close to the equilibrium limit. The mean concentration
profile can be affected by the lack of spatial resolution.
However, in Figure 8, the large difference in hCRi between
Da 5 11.7 and the equilibrium limit is observed independ-
ently of the spatial resolution. This result shows that the
chemical reaction used in the experiment is not fast. Because
of the slow reaction, large amount of the reactant A which
has not reacted exists at x=d510. As the reactant A is trans-
ported toward the downstream region, the mixing and the

chemical reaction proceed. Therefore, the mean concentra-
tions of reactive species approach the equilibrium limit in
the downstream direction.

Mean reaction rate

The production rate of the normalized product concentra-
tion ĈR � CR=CR0 is given by Ŵ5DaĈAĈB, where
Ĉa � Ca=Ca0. According to Eq. 3, the normalized mean
reaction rate hŴi can be written as

hŴi5DahĈAihĈBi1DahĉAĉBi (18)

where the normalized concentration fluctuation is defined by
ĉa � ca=Ca0.

Figure 9 shows the cross-streamwise profiles of
hŴi;DahĈAihĈBi, and DahĉAĉBi. hŴi decreases in the
downstream direction. The small DahĈAihĈBi in the down-
stream region suggests that the mean reaction rate decreases
in the downstream direction because the chemical reaction
reduces the concentrations of the reactants A and B. The
fluctuating concentration correlation term DahĉAĉBi makes a
negative contribution to the mean reaction rate, and

Figure 4. The mean mixture fraction.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. Streamwise evolution of the jet half-widths
based on the mean streamwise velocity and
the mean mixture fraction.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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decreases in magnitude in the downstream direction. It is
found that the chemical reaction mainly occurs near the jet
centerline in the upstream region. The mean reaction rate

weakly depends on the cross-streamwise position near the jet
centerline. The cross-streamwise profiles of DahĉAĉBi have
two negative peak values at jy=bnj � 1. At x=d540;DahĈAi

Figure 6. Cross-streamwise profiles of the mean con-
centration of the reactant A.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Cross-streamwise profiles of the mean con-
centration of the reactant B.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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hĈBi is small, especially in the outer region of the jet,
because most of the reactant A is consumed by the chemical
reaction before it can reach the downstream region. A com-
parison between DahĈAihĈBi and DahĉAĉBi shows that the
contribution of the concentration correlation to the mean
reaction rate becomes high in the downstream direction.
Therefore, special attention should be paid to modeling the
concentration correlation in the downstream region.

Probability density function of the reaction rate

Figure 10 shows the cross-streamwise variations of the
probability density function (pdf) of the normalized reaction
rate Ŵ . From y=bn50 toward y=bn51:5 at x=d510, the con-
tribution of the large reaction rate decreases and one of the
small reaction rate increases, and the shape of the reaction
rate pdf changes significantly in the cross-streamwise direc-
tion. However, from y=bn50 toward y=bn51 at x=d520, the
reaction rate pdf is almost independent of the cross-
streamwise location. At y=bn51:5, the reaction rate pdfs at x=
d510 and 20 have a large value at Ŵ � 0 because the ambi-
ent fluid that is not mixed with the jet flow is detected in the
outer region of the jet because of the outer intermittency.

The relationship between the concentrations of the reac-
tants A and B is investigated using the joint pdf of CA and
CB. For the equilibrium limit, either of instantaneous concen-
trations of the reactants A or B is zero as shown in Eqs. 12
and 13, and the joint pdf of CA and CB has non-zero values
only on the line of CA50 or CB50. Therefore, we calculate
the joint pdf for the finite Damk€ohler number Da 5 11.7.
Figure 11 shows the joint pdf of CA and CB for Da 5 11.7 at
three different streamwise locations on the jet centerline.
The white broken line in Figure 11 shows
CA=CA0512CB=CB0, which is satisfied by the concentra-
tions for the frozen limit (Eqs. 9 and 10). As shown in Fig-
ure 11a, the joint pdf of CA and CB at x=d510 maps near
the line for the frozen limit. As x increases, the concentra-
tions of the reactants A and B decrease because of the chem-
ical consumption, and the joint pdf of CA and CB departs
from the line of CA=CA0512CB=CB0. At x=d510 (Figure
11a), the joint pdf maps for the region of
CA=CA0 > CB=CB0. Because the entrainment of the reactant
B makes CB large, the joint pdf at x=d540 (Figure 11c)
shows preference for CA=CA0 < CB=CB0.

Concentration correlation of reactants

The following chemical reaction is considered to investi-
gate the effect of the chemical reaction on the concentration
correlation

A1nBB! nRR (19)

The chemical reaction investigated in this study is
obtained by substituting nB5nR51 into Eq. 19. For the
chemical reaction given by Eq. 19, concentrations of the
reactants A and B are related to the mixture fraction and the
concentration of the product R using the mass conservation
law as follows

CA5nCA02
1

nR

CR (20)

CB5ð12nÞCB02
nB

nR

CR (21)

The concentration fluctuations of the reactants A and B
are then given by

Figure 8. Cross-streamwise profiles of the mean con-
centration of the product R.

The present results are compared with the mean concen-

trations obtained by the previous concentration mea-

surement system.18 [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]
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cA5n0CA02
1

nR

cR (22)

cB52n0CB02
nB

nR

cR (23)

Here, ca � Ca2hCai and n0 � n2hni. Using Eqs. 22 and
23, we can obtain the following expression for the concen-
tration correlation of the reactants A and B

hcAcBi5
*

n0CA02
1

nR

cR

� �
2n0CB02

nB

nR

cR

� �+
(24)

52CA0CB0hn02i1
CB02nBCA0

nR

� �
hn0cRi1

nB

n2
R

hc2
Ri (25)

When the chemical reaction does not occur, the concentra-
tion fluctuation of the product R, cR, is always equal to 0.
Therefore, the concentration correlation in a nonreactive
flow, hc0

Ac0
Bi, is given by the first term in Eq. 25, that is,

hc0
Ac0

Bi52CA0CB0hn02i. The second and third terms in Eq.
25 can be considered as the effects of the chemical reaction
on the concentration correlation. For the chemical reaction
given by Eq. 19, the stoichiometric ratio between the con-
centrations of the reactants A and B is CA=CB51=nB. When
the initial concentrations of the reactants A and B satisfy the
stoichiometric condition, the second term in Eq. 25 is always
equal to 0. Therefore, the second term can be considered as
the change in concentration correlation arising from the ini-
tial concentrations which do not satisfy the stoichiometric
condition.

The concentration correlation normalized by CA0 and CB0

can be written as

hĉAĉBi52hn02i1ð2nS21Þhn0ĉRi1nSð12nSÞhĉ2
Ri (26)

where ĉa � ca=Ca0; nS is the stoichiometric value of the mix-
ture fraction, and CR0 is the maximum concentration of the
product R. For the chemical reaction given by Eq. 19, nS

and CR0 are defined by

nS5
CB0

nBCA01CB0

(27)

CR05
nRCA0CB0

nBCA01CB0

(28)

Figure 12 shows the cross-streamwise profiles of hĉAĉBi
for Da 5 11.7 and each term in Eq. 26. Figure 13 shows the
results for the equilibrium limit, where hĉ1A ĉ1B i is the con-
centration correlation for the equilibrium limit and
ĉ1a � c1a =Ca0. To investigate the change in hĉAĉBi owing to
the chemical reaction in detail, the cross-streamwise profiles
of hĉAĉBi at x=d510 are also shown in Figure 14, which is
an enlargement of Figure 12a. In the region of jy=bnj > 1 at
x=d510; hĉAĉBi for Da 5 11.7 (Figures 12a and 14) becomes
slightly larger in magnitude owing to the chemical reaction.
However, except for this region, hĉAĉBi becomes small in
magnitude owing to the chemical reaction. Comparing the
results for Da 5 11.7 (Figure 12) with those for the equilib-
rium limit (Figure 13), one sees that the fast chemical reac-
tion (i.e., large Da) reduces the hĉAĉBi magnitude

Figure 9. Cross-streamwise profiles of the mean reaction rate.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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throughout the entire jet region. Thus, the effect of the
chemical reaction on the concentration correlation
depends on the Damk€ohler number. In the outer region of
the jet at x=d540; ĉA (Figure 12c) and ĉ1A (Figure 13c) are
always close to zero because the chemical reaction consumes
most of the reactant A ejected from the jet exit before it can
reach this region. Therefore, the concentration correlation for

the reactive case is very small in the outer region of the jet
at x=d540. It is also found that the cross-streamwise profiles
of the concentration correlation have two negative peak val-
ues located away from the jet centerline.

The second term in Eq. 26, ð2nS21Þhn0ĉRi, is positive
near the jet centerline in the upstream region, but it is nega-
tive in the other regions. Thus, this term can be both positive

Figure 10. Cross-streamwise variations of the probability density function of the reaction rate.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 11. The joint probability density function of the concentrations of the reactants A and B on the jet center-
line.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 12. Cross-streamwise profiles of the concentration correlation for Da 5 11.7.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 13. Cross-streamwise profiles of the concentration correlation for the equilibrium limit.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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and negative. However, because the third term in Eq. 26,
nSð12nSÞhĉ2

Ri, is always positive, nSð12nSÞhĉ2
Ri always con-

tributes to the reduction of the concentration correlation
magnitude. Comparison of nSð12nSÞhĉ2

Ri for Da 5 11.7 with
that for the equilibrium limit shows that the contribution of
nSð12nSÞhĉ2

Ri to the concentration correlation becomes large
as Da increases.

Because ð2nS21Þ520:333 < 0 in our experiment,
the profiles of ð2nS21Þhn0ĉRi explained above correspond to
hn0ĉRi < 0 near the jet centerline in the upstream region and
hn0ĉRi > 0 in the downstream and outer regions of the jet.
Near the jet centerline in the upstream region, the deficient
reactant is the reactant B contained in the ambient flow.
Therefore, the high chemical reaction rate is related to the
positive concentration fluctuation of the deficient reactant B
(ĉB > 0). When the chemical reaction rate is high, the con-
centration of the product R is supposed to be large (ĉR > 0).
Because a positive concentration fluctuation of the reactant
B corresponds to a negative mixture fraction fluctuation
(n0 < 0) as indicated in Eq. 23, hn0ĉRi is negative near the
jet centerline in the upstream region. However, in the down-
stream and outer regions of the jet, the deficient reactant is
the reactant A contained in the jet, resulting in hn0ĉRi > 0.
The sign of ð2nS21Þ depends on nS. Therefore, the effect of
ð2nS21Þhn0ĉRi on the concentration correlation changes sig-
nificantly with the location of the flow and the initial con-
centrations of reactants.

When the initial concentrations of the reactants A and B
satisfy the stoichiometric condition, the concentration corre-
lation for the reactive case is given by hĉAĉBi52hn02i1nSð1
2nSÞhĉ2

Ri because the second term in Eq. 26 is zero. In this
case, the change of the concentration correlation caused by
the chemical reaction is given by nSð12nSÞhĉ2

Ri. Because nS

ð12nSÞhĉ2
Ri � 0 and nSð12nSÞhĉ2

Ri increases as Da becomes
large (see Figures 12 and 13), the concentration correlations
for the frozen and equilibrium limits are the lower and
higher bounds for the value for the finite Damk€ohler number

hc0
Ac0

Bi < hcAcBi < hc1A c1B i (29)

When Eq. 29 is valid, hcAcBi for the finite Damk€ohler
number can be modeled by interpolating between the con-

centration correlations for the frozen limit and the equilib-
rium limit as suggested by by Bilger et al.3 and de Bruyn
Kops et al.10 Figures 12a and 14 show that the concentration
correlation for Da 5 11.7 becomes large in magnitude owing
to the chemical reaction in the region of jy=bnj > 1 at
x=d510. Conversely, the concentration correlation for the
equilibrium limit becomes small in magnitude owing to the
chemical reaction throughout the entire jet region. Thus, the
concentration correlations for the frozen and equilibrium lim-
its are not the bounds for the value for the finite Damk€ohler
number. This is because the initial concentrations of the
reactants A and B do not satisfy the stoichiometric condition
in our experiment. When the stoichiometric condition is not
satisfied, the second term in Eq. 26 is not zero, and can
make Eq. 29 invalid. Figure 15 shows the changes of nSð12

nSÞ and ð2nS21Þ, which are the coefficients of the second
and the third terms in Eq. 26, with nS. It is found that, as nS

approaches 0 or 1, the change in the concentration correla-
tion caused by the second term is expected to be much larger
than that caused by the third term. Therefore, Eq. 29 seems
to be invalid under the condition of nS � 0 or 1 because of
the large contribution of the second term in Eq. 26.

Cospectra of concentrations of reactants

The cospectra of the concentrations of the reactants A and
B, CAB, are calculated for the finite Damk€ohler number
Da 5 11.7, the frozen limit, and the equilibrium limit. To
investigate the relationship between the cospectra and the
scales of the flow field, the power spectra of the streamwise
velocity, Eu, are shown in Figure 16. The power spectrum is
multiplied by the frequency f. The peaks of fEu at x=d510
and 40 appear at much smaller frequencies than the fre-
quency corresponding to the dissipation scales. Thus, most
of the energy of the velocity fluctuation is contained in
much larger scales than the dissipation scales. Figure 17
shows the normalized cospectra ĈAB � CAB=ðCA0CB0Þ. The
cospectrum is also multiplied by f to investigate the scales
which largely contribute to the concentration correlation. It
is found that f ĈAB is large for the frequency range for which
the power spectra fEu in Figure 16 are large. The results
show that the large scales, which contain most of the energy

Figure 14. Cross-streamwise profiles of the concentra-
tion correlation for Da 5 11.7 at x=d510.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 15. Changes of ð2nS21Þ and nSð12nSÞ with nS.
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of the velocity fluctuation, largely contribute to the concen-
tration correlation in the planar jet. The concentration fluc-
tuation on these large scales can be resolved well by the
present concentration measurement system because the spa-
tial resolution of the measurement system is smaller than
the Kolmogorov scale. Therefore, the spatial resolution is
sufficiently small for measuring the concentration correla-
tion. Similar to hĉAĉBi in Figure 12, the large difference in

f ĈAB can be observed between Da 5 11.7 and the frozen
limit at x=d540 as shown in Figures 17c, d. For the equi-
librium limit, the change in f ĈAB by the reaction is clearly
found at both x=d510 and 40 in Figure 17.

The infinitely fast and irreversible reaction is expected to
occur in the interfacial region of the two reactants, whose
thickness is infinitely thin. However, the cospectra for the
equilibrium limit show that the concentration correlation is

Figure 16. Power spectra of the streamwise velocity at x=d510 and 40 on the jet centerline.

The frequencies corresponding to the Taylor microscale kx and the Kolmogorov scale gK are shown by the vertical solid and bro-

ken lines, respectively. The frequencies corresponding to kx and gK are obtained using the Taylor hypothesis of a frozen

turbulence.

Figure 17. Cospectra of the concentrations of the reactants A and B at four different locations.

(a) ðx=d; y=bnÞ5ð10; 0Þ. (b) ðx=d; y=bnÞ5ð10; 1Þ. (c) ðx=d; y=bnÞ5ð40; 0Þ. (d) ðx=d; y=bnÞ5ð40; 1Þ. The cospectra for the frozen

and equilibrium limits are also shown in this figure. The frequencies corresponding to the Taylor microscale kx and the Kolmo-

gorov scale gK are shown by the vertical solid and broken lines, respectively. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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affected at large scales by the fast reaction. Figure 18 shows
the instantaneous concentrations of the reactants A and B.
At ðx; yÞ5ð20d; 0Þ, the reactant B is deficient, and CB fre-
quently becomes zero for the equilibrium limit. At
ðx; yÞ5ð20d; bnÞ, one of the reactants A and B is often com-
pletely consumed for the equilibrium limit. The concentra-

tion fluctuations at large scales are related to a lump of the
reactants. When a fast reaction occurs, the lump of the reac-
tants often disappears because most of the reactants in the
lump are reacted as confirmed in CA and CB for the equilib-
rium limit in Figure 18. Therefore, the fast chemical reaction
largely affects the concentration fluctuations at large scales

Figure 18. Instantaneous concentrations of the reactants A and B.

(a) ðx=d; y=bnÞ5ð20; 0Þ. (b) ðx=d; y=bnÞ5ð20; 1Þ. [Color figure can be viewed in the online issue, which is available at wileyonline-

library.com.]
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although the fast reaction itself occurs at small scales. The
reaction also affects the small scale concentration fluctua-
tions, and the reaction effects begin with the small scales.
These initial effects at the small scales are expected to be
important in the initial shear layer of the planar jet, which
appears very close to the jet exit. In this study, the measure-
ments are conducted in the self-similar region. This is the
reason that the cospectra greatly change at large scales for
the equilibrium limit. Because the concentration fluctuations
on the large scales largely contribute to the concentration
correlation, the change in the large-scale fluctuations by the
reaction makes the difference in the concentration correlation
between the reactive and nonreactive cases.

As described above, the effects of the chemical reaction
on the concentration correlation greatly change with the
location and the Damk€ohler number. Therefore, predicting
accurately the effect of the chemical reaction on the concen-
tration correlation is very important for modeling the con-
centration correlation.

Models for concentration correlation

Various models for the concentration correlation, hcAcBi,
have been previously proposed for chemical reactions in a
plug-flow reactor.31–34 Because the flow and the chemical
reaction in the ideal plug-flow reactor can be considered to be
statistically one dimensional (1D), models for hcAcBi pro-
posed for the plug-flow reactor cannot be applied for chemical
reactions in multidimensional flows. In this section, the meas-
ured concentration correlation is compared with the models of
Toor32 and Dutta and Tarbell,34 which are extended to chemi-
cal reactions in multidimensional flows by Wang and Tarbell,7

and the validity of these models are discussed.
Toor developed the model for hcAcBi by assuming that the

segregation intensity IS � hcAcBi=ðhCAihCBiÞ is independent
of chemical reactions. This model is called “Toor’s hypoth-
esis.” The segregation intensity in a nonreactive flow, I0

S, can
be written as

I0
S5

hc0
Ac0

Bi
hC0

AihC0
Bi

52
hn02i

hnið12hniÞ (30)

Using Toor’s hypothesis, the concentration correlation hĉAĉBi
in multidimensional flows7 is modeled by

hĉAĉBi52
hn02i

hnið12hniÞ hCAihCBi=CA0CB0 (31)

The segregation intensity is the measure of unmixedness
of two reactants. When two reactants are unmixed, the two
reactants are fully segregated. With the mixing of two reac-
tants, the segregation intensity becomes small in magnitude.
However, the chemical product is produced by the chemical
reaction, which occurs after mixing of the two reactants.
The presence of the chemical product makes the two reac-
tants segregated. Thus, the segregation intensity is affected
by the production of the chemical product. The change in
the segregation intensity by chemical reactions has been
observed in a reactive scalar mixing layer in liquid,12 where
the heat release and the change in density by the chemical
reaction can be neglected. Thus, it has been pointed out
that Toor’s hypothesis is not valid, and the segregation
intensity decreases owing to the chemical reaction.12 How-
ever, the Toor’s model can still be useful if the change in
segregation intensity caused by the chemical reaction is
small.

Dutta and Tarbell34 proposed the three-environment (3-E)
model, in which the concentration correlation in multidimen-
sional flows7 is given by

hĉAĉBi5I0
S hC0

AihCBi1hCAihC0
Bi2hCAihCBi

� �
=CA0CB0 (32)

52
hn02i

hnið12hniÞ hC
0
AihCBi1hCAihC0

Bi2hCAihCBi
� �

=CA0CB0

(33)

Here, hC0
Ai5hniCA0 and hC0

Bi5ð12hniÞCB0 can be
obtained from Eqs. 9 and 10. To estimate hĉAĉBi using Eqs.
31 and 33, hni and hn02i have to be calculated by other
methods. In this article, the concentration correlations for
Da 5 11.7 and the equilibrium limit are predicted by the
Toor’s model and the 3-E model using the measured values
of hni and hn02i, and the changes in the concentration corre-
lation caused by the chemical reaction predicted by the
Toor’s model and the 3-E model are compared with the
experimental results. The models for the concentration corre-
lation are validated by confirming whether the measured sta-
tistics satisfy Eqs. 31 and 33 or not.

The cross-streamwise profiles of hĉAĉBi and hĉ1A ĉ1B i pre-

dicted by the Toor’s model and the 3-E model are compared

with the experimental results in Figures 19 and 20, respec-

tively. In these figures, the cross-streamwise profiles of the

concentration correlation in the nonreactive flow, hĉ0
Aĉ0

Bi, are

also shown, where ĉ0
a � c0

a=Ca0. The concentration correlation

predicted by the Toor’s model is small in magnitude

compared with the experimental results. The 3-E model well

predicts hĉAĉBi at x=d510. However, throughout the entire jet

region, hĉAĉBi predicted by the 3-E model is small in magni-

tude compared with the concentration correlation in the non-

reactive flow. In contrast, the measurement results of hĉAĉBi
show that hĉAĉBi becomes large in magnitude owing to the

chemical reaction in the region of jy=bnj > 1 at x=d510.

Thus, the effect of the reaction on hĉAĉBi predicted by the 3-E

model exhibits the opposite tendency from the experimental

results. These results show that the 3-E model is not adequate

in the region of jy=bnj > 1 at x=d510. It is also found that

the 3-E model well predicts the concentration correlation in

the region where the change in the concentration correlation

caused by the chemical reaction is small, whereas the error of

the 3-E model becomes large for the case in which the concen-

tration correlation is largely affected by the chemical reaction.
Figures 19 and 20 suggest that the Toor’s model and the 3-

E model are inadequate for modeling chemical reactions in a
jet flow. Wang and Tarbell7 pointed out that the Toor’s model
and the 3-E model neglect the change in the mean concentra-
tion gradient caused by the chemical reaction, and they modi-
fied these models to take into account the change in the mean
concentration gradient. They showed that this modification
improved both the Toor’s model and the 3-E model. The
modified models cannot be verified using our experimental
results. However, the poor predictions of concentration corre-
lation from the Toor’s model and the 3-E model in this study
are supposed to arise from neglecting the change in mean
concentration gradient caused by the chemical reaction.

Numerical simulation of the reactive planar liquid jet
based on the averaged transport equation

Governing Equations of Mean Concentration Fields and
Numerical Method. To investigate the validity of the mod-
els for the concentration correlation, we perform the
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numerical simulation of the reactive planar jet investigated in
this study. The mean concentration profiles are numerically
predicted using the averaged transport equation for the concen-
tration (Eq. 2). The concentration correlation term is modeled
by the Toor’s model or the 3-E model. We compare the mean
concentration profiles between the experiment and the numeri-
cal simulation to investigate the influence of the concentration
correlation models on the mean concentration prediction.

The self-similar region of the planar jet is simulated. The
statistics in the planar jet are independent of the spanwise
direction. The planar jet is statistically symmetrical with
respect to the x-axis (y 5 0). In the planar jet, the averaged
transport equations for the mixture fraction and the concen-
tration of the reactant A are given by

hUi @hni
@x

1hVi @hni
@y

5D
@2hni
@x2

1
@2hni
@y2

� �
2
@

@x
hun0i2 @

@y
hvn0i

(34)

hUi @hCAi
@x

1hVi @hCAi
@y

5D
@2hCai
@x2

1
@2hCai
@y2

� �

2
@

@x
hucAi2

@

@y
hvcAi2k hCAihCBi1hcAcBið Þ

(35)

Here, U is the streamwise velocity, V is the cross-
streamwise velocity, and u and v are the fluctuating compo-
nents of U and V, respectively. In Eqs. 34 and 35, the equal
molecular diffusivity D is assumed for all reactive species
and the mixture fraction. The mean concentrations of
the reactant B and the product R can be obtained from hni
and hCAi using Eqs. 7 and 8 as follows

hCRi5hniCA02hCAi (36)

hCBi5ð12hniÞCB02hCRi (37)

In the self-similar region of the planar jet, the molecular

diffusion term and the streamwise turbulent diffusion term

can be neglected.35 When these terms are neglected and the

gradient diffusion model2 is used for the turbulent mass flux,

Eqs. 34 and 35 reduce to

@hni
@x

5
1

hUi 2hVi @hni
@y

1
@

@y

mT

ScT

@hni
@y

� �� �
(38)

@hCAi
@x

5
1

hUi 2hVi @hCAi
@y

1
@

@y

mT

ScT

@hCAi
@y

� ��

2k hCAihCBi1hcAcBið Þ
� (39)

Here, mT is the eddy viscosity and ScT is the turbulent

Schmidt number, which is the model parameter of the gradi-

ent diffusion model. In a round jet, Yimer et al.36 measured

ScT, and showed that ScT has a value of 0:6 � 1:1 in a self-

similar region. Although the planar jet is considered here,

we use a global constant ScT50:52 in the numerical simula-

tion. It has been reported that the eddy diffusivity (given by

mT=ScT) can change with chemical reactions3–6 even if the

heat release and the change in density by reactions can be

neglected. However, the change in the eddy diffusivity by

chemical reactions is often neglected as in Wang and Tar-

bell.7 We also use ScT50:52 for both mixture fraction (non-

reactive scalar) and concentration of the reactant A. When

the eddy viscosity is assumed to be independent of the

cross-streamwise direction in the self-similar region of the

Figure 19. Comparisons of the concentration correlation for Da 5 11.7 between the measurement results and the models.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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planar jet, mT in the self-similar region is represented by the

following equation.35

mTðx; yÞ5 ln 11
ffiffiffi
2
p	 
2

� �22 dbU

dx
hUiCbU (40)

If the mean velocity profiles hUi and hVi are known and
the concentration correlation hcAcBi is modeled, Eqs. 38 and
39 can be numerically integrated in the x direction. There-
fore, when cross-streamwise profiles of hni and hCAi at any
streamwise location in the self-similar region are given, the
cross-streamwise profiles of hni and hCAi in the further
downstream region can be obtained from Eqs. 38 and 39.

In the numerical simulation carried out here, the mean
concentrations in the region of x=d � 10 are predicted from
the cross-streamwise profiles of the mean concentrations at x
=d510 using Eqs. 38 and 39. In this numerical simulation,
the measurement results of the mean streamwise velocity
and the mixture fraction variance are used for computing the
mean velocity field and the mixture fraction variance. The
mixture fraction variance is required in the Toor’s model
and the 3-E model. The profiles of the mean velocity and
the mixture fraction variance used in the simulation are
shown later. The 2-D computational domain is the region of
10 � x=d � 42 and 225 � y=d � 25, where the self-similar
profile can be observed for the mean streamwise velocity
and the mean mixture fraction (Figures 3 and 4). The inte-
gers i and j are used for denoting the location of the compu-
tational grid in the x and y directions (i51 � Nx and
j51 � Ny). i 5 1 and Nx correspond to x=d510 and 42,
respectively, and j 5 1 and Ny correspond to y=d5225 and
25, respectively. Here, Nx3Ny540003300 grid points are

used in this simulation. The size of the computational grid is

uniform in x and y directions. The x direction derivative in

Eqs. 38 and 39 is approximated by

@f

@x

� �
i;j

5
fi11;j2fi;j

Dx
(41)

Here, Dx is the size of the computational grid in the x direction,

and fi;j is the value of f at the computational grid point correspond-

ing to (i, j). Then, hnii11;j and hCAii11;j can be computed from

the variables at the streamwise location of i as follows
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The right hand sides in Eqs. 42 and 43 are evaluated at

the streamwise location of i. The y direction derivative is

computed using the second-order finite difference

@f

@y

� �
i;j

5
fi;j112fi;j21

2Dy
(44)

Here, Dy is the size of the computational grid in the y
direction.

The concentration correlation hcAcBi in Eq. 43 is modeled
by the Toor’s model (Eq. 31) or the 3-E model (Eq. 33). In

Figure 20. Comparisons of the concentration correlation for the equilibrium limit between the measurement results
and the models.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Eqs. 31 and 33, the mixture fraction variance hn02i is calcu-
lated using the experimental results, whereas the mean mix-
ture fraction and the mean concentration in Eqs. 31 and 33
are obtained by solving Eqs. 42 and 43.

The Velocity and Mixture Fraction Statistics used in the
Simulation. The profiles of the mean velocity and the mix-
ture fraction variance in the computational domain are
required for solving Eqs. 42 and 43. The mean characteris-
tics of the streamwise velocity and the mixture fraction are
shown in Figures 3, 4, and 5. As shown in Figure 3b, the
mean streamwise velocity profiles in the self-similar region
can be approximated using the Gaussian distribution27

hUi2UM5ðhUiC2UMÞexp 2ln2ðy=bUÞ2
h i

(45)

We use the experimental values of hUiC and bU for com-
puting the mean streamwise velocity. hUiC and bU in the
self-similar region are given by Eqs. 15 and 16, in which the
coefficients are determined from the experimental results. In
the numerical simulation, the mean streamwise velocity hUi
is calculated using Eqs. 15, 16, and 45. In the planar jet, the
averaged continuity equation is given by

@hUi
@x

1
@hVi
@y

50 (46)

In the planar jet, hVi is zero at y 5 0 because the planar
jet is statistically symmetrical with respect to the x-axis
(y 5 0). Therefore, when the mean streamwise velocity pro-
file hUi is known, the profile of the mean cross-streamwise
velocity hVi can be obtained by integrating Eq. 46 in the y
direction.

The mixture fraction variance hn02i5n2
rms in the self-

similar region is calculated using the experimental values of
nrms. Here, nrms is the rms value of the mixture fraction fluc-
tuation. In the self-similar region in the planar jet, nrms can
be represented by

nrms5nrmsCfnðy=bnÞ (47)

Here, nrmsC is nrms on the jet centerline and fnðy=bnÞ is the
self-similar profile for nrms. The profiles of nrmsC; bn, and fnðy
=bnÞ are obtained from the experimental results. The jet half-
width bn is calculated using Eq. 17 in the self-similar region.
Figures 21a and b show nrmsC and nrms=nrmsC5fnðy=bnÞ,
respectively. The solid red curve in Figure 21a is obtained
by applying the least-square method. Similarly, the solid red

curve in Figure 21b is obtained by applying the least-square
method to the cross-streamwise profile of nrms at x=d520.
Here, the fifth-order functions of x/d and y=bn are used to
approximate nrmsC and fnðy=bnÞ, respectively. These curves
obtained by the least-square method are used to calculate
nrms in the computational domain using Eq. 47.

Boundary Condition for the Mean Concentrations. At y
52Ly=2 and y5Ly=2, the y direction gradient of the mean
concentrations is set to zero. The cross-streamwise profiles
of the mean concentrations at x=d510 are determined from
the experimental results. Figure 22 shows the cross-
streamwise profiles of hni and hCAi at x=d510. Because the
statistics in the planar jet are symmetrical with respect to the
x-axis, the region of y � 0 is shown in Figure 22. The solid
lines in Figure 22, which are obtained by applying the least-
square method, are used as the boundary condition in the
numerical simulation. Because the mean concentration of the
species A in the nonreactive case is represented by
hCAi5hniCA0, the mean mixture fraction profile shows the
mean concentration profile of the species A in the

Figure 21. The rms value of mixture fraction fluctuation.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 22. Cross-streamwise profiles of the mean mix-
ture fraction hni and the mean concentration
of the reactant A hCAi at x=d510.

Cross-streamwise profiles of hni and hCAi used as the

boundary condition in the numerical simulation are

shown by solid lines. [Color figure can be viewed in

the online issue, which is available at wileyonlineli-

brary.com.]
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nonreactive flow. The mean mixture fraction and the mean
concentrations in the computational domain are computed
using Eqs. 42 and 43 and the profiles of hni and hCAi at
x=d510.

Mean Concentration Profiles Predicted by the Averaged
Transport Equation Using Toor’s Model or 3-E Model.
Figure 23 compares the jet half-width based on the mean
mixture fraction between the experiment and the numerical
simulation. In the numerical simulation, the jet development
strongly depends on the turbulent Schmidt number ScT. The
jet half-width obtained by the numerical simulation agrees
well with the experimental values. Thus, it is found that the
mean mixture fraction development is well predicted by the
numerical simulation.

The mean concentration profile of the reactant A is com-
pared between the experiment and the numerical simulation
using the Toor’s model or the 3-E model. Figures 24a, b
compare the cross-streamwise profiles of the mean concen-
tration of A, hCAi, at x=d520 and 40 between the experi-
ment and the numerical simulation for the nonreactive case

(frozen limit, Da 5 0) and the reactive case with the
finite Damk€ohler number (Da 5 11.7). In the nonreactive
case, hCAi obtained by the numerical simulation near the jet
centerline (y=bn � 1) agrees well with the experiment. At the
edge of the jet, hCAi in the nonreactive case is overestimated
by the numerical simulation. In the numerical simulation, the
eddy viscosity mT is assumed to be independent of the cross-
streamwise (y) direction. In fact, the eddy diffusivity in jet
flows changes in the y direction. It is known that when the
dependence of mT on the y direction is neglected in Reynolds-
averaged Navier Stokes (RANS) simulations of jets, the mean
streamwise velocity and the mean concentration profiles are
poorly predicted at the edge of jets by the numerical simula-
tion.35 The inconsistence in the mean concentration at the edge
between the experiment and the numerical simulation is
expected to arise from the assumption that the eddy diffusivity
is independent of the y direction.

The mean concentration profile hCAi in the reactive case
is compared between the experiment and the numerical sim-
ulation near the jet centerline (jy=bnj � 1), where hCAi in
the nonreactive case is well predicted by the numerical simu-
lation. In the region of jy=bnj � 1; hCAi obtained by the sim-
ulation is smaller than experimental values for both the
Toor’s model and the 3-E model. Thus, the chemical con-
sumption of the reactant A is overestimated by the numerical
simulation. The mean reaction rate is given by Eq. 3. The
experimental results in Figure 19 show that the concentration
correlation predicted by the Toor’s model is small in magni-
tude compared with the experimental values. From Figure
19b, it is also found that the concentration correlation pre-
dicted by the 3-E model is also small in magnitude at
x=d520. Not only at x=d520 but also at x=d540 (Figure
19c), the concentration correlation predicted by the Toor’s
model or the 3-E model is different from the experimental
values. However, because the reactive species are transported
toward the downstream region, the discrepancy in the con-
centration correlation in the upstream region has a greater
influence on the mean concentration profile in the down-
stream region. Because the concentration correlation hcAcBi
is negative and the mean chemical reaction rate hWi is posi-
tive, Eq. 3 shows that the underpredicted hcAcBi results in

Figure 23. Comparison of the jet half-width based on
the mean mixture fraction between the
experiment and the numerical simulation.

Figure 24. Comparison of the mean concentration of the reactant A between the experiment and the numerical
simulation using the Toor’s model or the 3-E model.

(a) Cross-streamwise profiles at x=d520. (b) Cross-streamwise profiles at x=d540. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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the large mean reaction rate. The small mean concentration
of the reactant A obtained by the numerical simulation in
this study can be related to the overestimation of the mean
reaction rate by the Toor’s model and the 3-E model. Thus,
when the Toor’s model or the 3-E model is used for the con-
centration correlation, the effect of the chemical reaction on
the mean concentrations is overestimated in the numerical
simulation using the averaged transport equation for the con-
centrations of reactive species.

Conclusions

Instantaneous concentrations of reactive species were
simultaneously measured in a planar liquid jet with a
second-order chemical reaction A1B! R to investigate the
statistical properties of the chemical reaction rate and the
validity of the models for the concentration correlation. The
reactant A was premixed in the jet flow, and the reactant B
was premixed in the ambient flow.

First, we investigated the statistical properties of the
chemical reaction rate in the planar liquid jet. The measure-
ment of the mean reaction rate shows that the second-order
chemical reaction mainly occurs near the jet centerline in the
upstream region. The concentration correlation of the reac-
tants A and B makes a negative contribution to the mean
reaction rate. A comparison between the mean reaction rate
and the concentration correlation shows that the contribution
of concentration correlation to the mean reaction rate
becomes important in the downstream direction. The chemi-
cal reaction increases the magnitude of the concentration
correlation hcAcBi for Da 5 11.7 in the outer part of the
upstream region. In the other regions, hcAcBi becomes small
in magnitude because of the chemical reaction. However, the
fast chemical reaction (i.e., large Da) reduces the concentra-
tion correlation magnitude throughout the entire jet region.
The measurements of the concentration correlation show that
the effects of the chemical reaction on the concentration cor-
relation change with location in the flow and the value of
the Damk€ohler number. The cospectra of the concentrations
of the reactants A and B show that the large scales, which
contain most of the energy of velocity fluctuation, largely
contribute to the concentration correlation in the planar jet.
Therefore, the change in the large-scale fluctuations by the
reaction makes the difference in the concentration correlation
between the reactive and nonreactive cases.

The concentration correlations predicted by the Toor’s
model and the 3-E model are compared with the experimen-
tal results to investigate the validity of these models. The
results show that the concentration correlation predicted by
the Toor’s model is small in magnitude compared with the
experimental results, and the 3-E model also fails to accu-
rately estimate the concentration correlation in the region
where the concentration correlation is largely affected by the
chemical reaction. The 3-E model well predicts the concen-
tration correlation for the case in which the change of con-
centration correlation caused by the chemical reaction is
small. To further investigate the validity of the models for
the concentration correlation, the numerical simulation of the
reactive planar liquid jet was performed using the averaged
transport equations for the mixture fraction and the concen-
tration of the reactant A. The Toor’s model or the 3-E model
was used in this simulation. The numerical results show that
the effect of the chemical reaction on the mean concentra-
tions is overestimated in the numerical simulation using the

Toor’s model or the 3-E model. It is concluded that both the
Toor’s model and the 3-E model are inadequate for model-
ing chemical reactions in a liquid jet. The measurement
results in this article will be useful to validate other numeri-
cal methods for modeling turbulent reactive flows at high
Schmidt number.
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